Abstract. Let M be an orientable closed irreducible 3-manifold. We prove that if M is aspherical, the systolic volume of M , denoted SR(M ), is bounded below in terms of the complexity. This result shows that the systolic volume of 3-manifolds has the finiteness property. For any positive real number T , there are only a finite number of closed irreducible aspherical 3-manifolds M with SR(M ) < T .
Introduction
Let M be an n-dimensional manifold endowed with a Riemannian metric G, denoted (M, G). Denote by Vol G (M) the volume of (M, G). The homotopy 1-systole of (M, G), denoted Sys π 1 (M, G), is defined to be the length of the shortest noncontractible loop in M.
A topological space V is aspherical if all higher homotopy groups π i (V ) vanish, with i 2. The universal covering space of an aspherical manifold is contractible. The aspherical space V is an EilenbergMacLane K(G, 1) space, where G = π 1 (V ). A closed n-dimensional manifold M is essential if there exists a map f : M → K from M to an aspherical topological space K, such that f * ([M]) is nontrivial in H n (K(G, 1); R), where [M] ∈ H n (M; R) stands for the fundamental class. The coefficient ring R is Z if M is orientable, and Z 2 if M is nonorientable. Examples of essential manifolds include all closed aspherical manifolds, and real projective spaces in any dimension. Moreover, the connected sum M#M ′ is essential, if M is a closed essential n-dimensional manifold, and M ′ is any closed n-dimensional manifold.
Definition 1.1. Let M be a closed essential n-dimensional manifold.
The systolic volume of M, denoted SR(M), is defined to be
where the infimum is taken over all Riemannian metrics G on M.
Babenko [2, Theorem 8.1.] showed that the systolic volume SR(M) is a homotopy invariant of the essential manifold M.
Let M be a closed irreducible 3-manifold. The complexity of M, denoted c(M), is the minimum number of tetrahedra in a pseudosimplicial triangulation of the manifold. In this paper, we show that the systolic volume of an aspherical 3-manifold is bounded below in terms of the complexity. Theorem 1.2. Let M be an orientable closed irreducible 3-manifold. If M is aspherical, then we have
where C and C ′ are two explicitly given positive constants.
If M is a nonorientable aspherical 3-manifold, we consider its orientable double coverM. It is easy to see that SR(M) SR(M). Theorem 1.2 is applied toM to derive an estimate of SR(M) similar to (1.1).
A closed orientable 3-manifold is aspherical if and only if it is irreducible and has infinite fundamental group. In particular, hyperbolic 3-manifolds are aspherical. The fundamental group determines a closed aspherical 3-manifold up to homeomorphism, cf. Lück [16, Remark 4.5] .
The complexity invariant of 3-manifolds has the finiteness property, cf. Proposition 2.2 in Section 2. Hence Theorem 1.2 indicates that the systolic volume of aspherical 3-manifolds has the finiteness property. For any positive number T , there are only a finite number of aspherical 3-manifolds M with SR(M) < T .
Gromov [10, Theorem 0.1.A.] proved that if M is a closed essential n-dimensional manifold,
where C n is a constant only depending on n, 3 4 if Σ is a closed aspherical surface. Pu [20] showed that
. Hence we have
for the torus
for the Klein bottle RP 2 #RP 2 . Currently we only know the exact values of systolic volumes of these three essential surfaces, see expositories in [8, 9, 14] . Nakamura [19, Theorem 5.1.] proved that if M is a closed essential 3-manifold other than the lens space L(p, q) with odd order p, SR(M) 1 6 . Let Σ g be a closed surface with genus g 2, Gromov [11, 2.C.] proved that
where C is a universal positive constant independent of g. Katz and Sabourau [15, Theorem 4.1.] showed that asymptotically the constant C in (1.3) is π if genus g is sufficiently large. Let p be any odd prime number. Buser and Sarnak [7, Section 4.] showed that there exist arithmetic closed hyperbolic surfaces Σ g with genus g = p(p − 1)(p + 1)ν + 1, where ν > 0 is a fixed constant, such that
(1.4)
Therefore we conclude that when genus g of closed surfaces Σ g is sufficiently large,
where C is a constant satisfying C 9π 4
. The asymptotic estimate (1.5) is generalized to essential manifolds M with dimension n 3. Let M #k denote the connected sum of k copies of M. Sabourau [21, Theorem A.] proved that 6) where C n and C ′ n are two positive constants only depending on the dimension n. An upper bound of the systolic volume of connected sums is proved by Babenko and Balacheff [3] ,
if k N for some positive integer N, where C is a positive constant only depending on the manifold M.
Let M be a closed essential n-dimensional manifold, and let c = . Let M be a closed essential n-dimensional manifold. Suppose that M has nonzero simplicial volume, then
where C n is a constant only depending on n.
A 3-manifold M has zero simplicial volume if and only if there are no hyperbolic pieces in its JSJ decomposition. However, the complexity c(M) of a closed irreducible 3-manifold is always a positive number. Hence Theorem 1.2 covers more essential 3-manifolds. In terms of conjectures of Gromov [11, Section 3.C.], it is also reasonable to conjecture that
if M is a closed irreducible manifold other than S 3 , RP 3 and L(3, 1), where C is a constant.
We prove Theorem 1.2 in terms of the following estimation on orientable closed aspherical n-manifolds. Proposition 1.4. Let M be an orientable closed aspherical n-dimensional manifold. There exists a triangulation K of M, with t n the number of n-simplices of K, such that
where C n , C ′ n , C ′′ n are explicitly given constants only depending on n. The inequality (1.9) is proved by applying the relevant estimation on systolic volume of homology classes, cf. Gromov [10, Section 6.], Babenko and Balacheff [4] , Bulteau [5, 6] .
The complexity of 3-manifolds has the additivity property on connected sums, that is, c(M 1 #M 2 ) = c(M 1 ) + c(M 2 ) for two closed irreducible 3-manifolds M 1 and M 2 . Hence Theorem 1.2 implies the following estimation. Corollary 1.5. Let M be an orientable, closed, irreducible, aspherical 3-manifold, and let M #k be the connected sum of k copies of M. We have This paper is organized as follows. In Section 2, we introduce the complexity invariant of 3-manifolds. The complexity has the finiteness property and the additivity property on connected sums. Using Theorem 1.2, some known results of complexity are applied to derive lower bound estimations of the systolic volume. In Section 3, we introduce the systolic volume of homology classes. Gromov proved a lower bound estimation in terms of the number of simplices in a polyhedron representing the homology class. This lower bound estimation will be used in the proof of Proposition 1.4. In Section 4, the proof of Theorem 1.2 is given.
Complexity of 3-manifolds
A triangulation of a 3-manifold M, denoted (T , h), is a simplicial complex T with a homeomorphism h : |T | → M, where |T | stands for the union of all simplices of T . Definition 2.1 (Pseudo-simplicial triangulation, also see [13] ). A pseudosimplicial triangulation T of a 3-manifold M contains (1) a set ∆ = {∆ i } of disjoint collection of tetrahedra, (2) a family Φ of isomorphisms pairing faces of the tetrahedra in ∆ so that if φ ∈ Φ, then φ is an orientation-reversing affine isomorphism from a faceσ i ∈∆ i to a faceσ j ∈∆ j , possibly i = j. Denote by ∆/Φ the space obtained from the disjoint union of the∆ i by setting x ∈σ i equal to φ(x) ∈σ j , with the identification topology. The manifold M is homeomorphic to |T | = ∆/Φ.
In a pseudo-simplicial triangulation, two faces of the same tetrahedra possibly are identified.
Let M be a closed irreducible 3-manifold. The complexity of M, denoted c(M), is the minimum number of tetrahedra in a pseudosimplicial triangulation of the manifold. This number agrees with the complexity defined by Matveev [17] if M is not homeomorphic to S 3 , RP 3 and the lens space L(3, 1).
Proposition 2.2 (Matveev [17, Theorem A, B]).
(1) For any integer k, there exist only a finite number of distinct closed irreducible orientable 3-manifolds of complexity k.
(2) The complexity of the connected sum of compact 3-manifolds is equal to the sum of their complexities.
The complexity of a 3-manifold measures how complicated a combinatorial description of the manifold must be, cf. [17] . There are various investigations of determining complexities of 3-manifolds, cf. [1, 18] and series of papers of Jaco, Rubinstein and Tillmann. Combined with Theorem 1.2, we can obtain lower bound estimations of systolic volumes of 3-manifolds. Some examples are listed as follows. Example 2.3.
(1) Let M n be the total space of the T 2 -bundle over S 1 with the monodromy A n , where A = 2 1 1 1 . Anisov [1] proved that c(M n ) 1.19n for all n > 1. The 3-manifold M n has Sol geometry. So that Theorem 1.2 implies
where C and C ′ are explicitly given constants. (2) Let n 5, and let R(n) be the right-angled polytope in H 3 with (2n + 2) faces. Let g i ∈ Isom(H 3 ) be the reflection in the plane containing the i-th face of R(n). Denote by G(n) the group generated by {g i } 2n+2 i=1 . Löbell manifolds of order n, denoted L(n), are manifolds defined in the following way,
Matveev et al. [18] proved that for sufficiently large n, the complexity of M ∈ L(n) satisfies c(M) > 10n. Hence Theorem 1.2 implies that
, where C and C ′ are explicitly given constants. (3) Let n 4. Denote by F (2, n) the group
where indices are understood modulo n. The n-th Fibonacci manifold, denoted M(n), is defined by H 3 /F (2, 2n). Matveev et al. [18] proved that for sufficiently large n, c(M(n)) > 2n. Hence Theorem 1.2 implies that
, where C and C ′ are explicitly given constants.
Systolic volume of homology classes
A pseudomanifold of dimension n, cf. Spanier [22, Chapter 3] , is an n-dimensional simplicial complex satisfying (1) Every simplex is a face of some n-simplex.
(2) Every (n − 1)-simplex is the face of two n-simplices. (3) For every pair of n-simplices σ and σ ′ , there exist n-simplices
is an (n − 1)-simplex for 0 i < k. Let Γ be an arbitrary discrete group. There exists an aspherical space K(Γ, 1) with π 1 (K(Γ, 1)) = Γ. The n-th homology of group Γ, denoted H n (Γ), is defined to be H n (K(Γ, 1); R), where R stands for the coefficient ring Z or Z 2 . A geometric cycle representing a homology class h ∈ H n (K(Γ, 1); R), denoted (V, f, G), is an n-dimensional pseudomanifold V endowed with a piecewise smooth Riemannian metric G, such that there exists a continuous map f :
The f -relative homotopy 1-systole of a geometric cycle (V, f, G), denoted Sys f π 1 (V, G), is defined to be the length of the shortest loop γ in V whose image f (γ) is noncontractible in K(Γ, 1). The systolic volume of a homology class h ∈ H n (Γ), denoted SR(h), is defined to be inf
where the infimum runs over all geometric cycles (V, f, G) representing the homology class h. According to Gromov [10, Section 6], there exists a positive constant C n only depending on the dimension n, such that
Gromov [10, Section 6.4] defined regular geometric cycles in terms of the filling volume. 
(2) For any v ∈ V * , the ball B(v, r) ⊂ V * with the center v and the radius r 1 2
where A n is a constant only depending on n,
.
Let K be a topological space. Let U = {U α } α∈I be an open cover of K, where I is the index set. A nerve of U, denoted N U , is a simplicial complex. For each open set U α in U, the nerve N U has a vertex v α . If there is a nonempty intersection of k + 1 open sets {U α 0 , U α 1 , · · · , U α k } in the cover U, the nerve N U has a k-simplex spanned by vertices . For each homology n-class h ∈ H n (K (Γ, 1) ; R), with R = Z or R = Z 2 , there exist a polyhedron P with the number of k-simplices denoted s k , and a map g : P → K(Γ, 1) sending the fundamental class [P ] to h through the induced homology homomorphism, and
where C n , C ′ n , C ′′ n are explicitly given constants only depending on n. We show a detailed proof of Gromov's theorem in the following. Another complete proof can be found in Bulteau [5] or Bulteau [6] . Constants C n , C ′ n , C ′′ n in (3.2) can be explicitly calculated,
Proof. Let Γ be a discrete group, and let (V * , f, G * ) be a regular geometric cycle representing the homology class h ∈ H n (K(Γ, 1); R), cf. Lemma 3.1.
Sys f π 1 (V * , G * ), and let α > 1 be a constant. Assume that 0 < r < R 0 . A ball B(x, r) ⊂ V * with the center x and the radius r is called α-admissible, if
for any r < r ′ R 0 . Let k 1 be an integer. If we take α-admissible balls B(v, r) with the center x ∈ V and the radius r satisfying
the volume of V * can be estimated as follows,
. . .
The inequality (3.1),
is used in the above estimating process. Then we have
We choose the constant α such that
On the pseudomanifold V * we choose a maximal collection
where k is the largest nonnegative integer satisfying the inequality (3.3). And the constant α is chosen by (3.4) . Moreover, we assume r 1 r 2 · · · r N . The collection U 1 is maximal in the sense that if U ′ is another collection of α-admissible balls and
It is easy to verify the following facts,
Let P be the nerve of the open cover U 2 . Since we have
Hence the nerve P is homotopy equivalent to V * , which is yielded by Proposition 3.2. There exists a map g :
N j , which is great than or equal to the number of k-simplices in the nerve P , with k = 0, 1, · · · , n. Hence we have
so that log 5N log 5 u + (n + 1) log 5 u + n, (3.5) where u = 40 n Vol(V * ) An Sys π 1 (V * ,G * ) n . The inequality (3.5) yields that
Therefore, we obtain the following estimate to the systolic ratio,
(3.6) Denote by s k the number of k-simplices in the nerve P, with k = 0, 1, · · · , n. As mentioned above, we haveN s k . Hence the estimate (3.6) implies the inequality (3.2). There exists a pseudo-simplicial triangulation K of M, such that the number of n-simplicies of K is less than or equal to the number of n-simplices of V .
be the set of all n-simplices of the pseudomanifold V . In simplicial homology, let σ i ∈ C n (V ) be the n-chain represented by ∆ i . The fundamental class [V ] is necessarily represented by the n-cycle
, with a i = 1 or −1 in terms of the orientation, cf. Hatcher [12, page 238.] . The homology homomorphism f * is induced from the chain map f # : C n (V ) → C n (M), and we have
Hence the n-chain
, then the actual number of n-chains in the cycle Hence we have Vol(M) Sys π 1 (M, G) n Vol(V * ) Sys f π 1 (V * , G * ) n .
Theorem 3.3 implies that
where s n is the number of n-simplices in the nerve N U of an open cover U over V * , and C n , C ′ n , C ′′ n are constants given in the inequality (3.2). Moreover, the nerve N U constructed is homotopy equivalent to V * . There exists a mapf : N U → M withf * ([N U ]) = [M]. Lemma 4.1 yields that the number s n of n-simplices of N U is greater than or equal to the number t n of n-simplices in a pseudo-simplicial triangulation K of M. Hence the inequality (1.9) holds. , then the inequality (1.10) is derived.
